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Abstract
Rock joint hollowness coefficient is an important parameter when resolving practical mining problems. 
Geophysical methods used to resolve this problem are indirect. Thus the interpretation of their results may 
cause certain difficulties as a result of the uncertainty of the physical relationships between the parameters 
of joints and the measurement results. One of the ways to resolve this problem is to combine experimental 
research methods with analytical and numerical simulation. The studies were aimed at investigating the 
electrical conductivity of a two-dimensional medium in the presence of thin insulating (non-conducting) 
joints. This paper proposes an analytical method for assessing the dependence of the specific conductivity 
of a medium with inclusions in the form of elliptical joints on their half-length. This dependence is show 
to have the form of an exponent depending on the square of the length of the maximum semi-axis as an 
argument. The simulation method is based on the assumption of the elliptical shape of a joint when the length 
of the minor semi-axis of the ellipses tends to zero. A review of publications and their results presented in 
this paper showed that this method for determining the specific conductivity of the medium with thin joints 
is one of the best in terms of compliance with experimental data. Its predictions are close to those of the 
Effective Media Approximation (EMA). However, the proposed method is distinguished by the simplicity of the 
formulas and their physical visibility essential for the use in interpreting the data of a physical experiment. 
In two-dimensional formulation, numerical simulation of the specific electrical conductivity of a sample of 
a medium measuring 1×1 m with elliptical joints of conductivity less than that of the matrix was carried out in 
the COMSOL Multiphysics environment. A square sample of unit sizes with unit conductivity was considered 
in which 25 joints with uniform distribution along the length occurred. 40 models were built wherein the 
maximum length of the joints varied from 0.01 to 0.4 sample size in increments of 0.01 m. The satisfactory 
concordance of the results of numerical and analytical models, both visual and confirmed by statistical 
estimates, has been shown. It was noted that when the size of the joints changes to achieve the value of 
the maximum semi-axis a = 0.15 m, the influence of single joints that do not extend beyond the boundaries 
of the sample prevails. Above this value, at a > of 0.15 m, the influence of joint coalescence, as well as their 
extension to and beyond the sample boundaries begins to affect. Comparison of the proposed theoretical 
model of electrical conductivity, depending on the square of the length of the maximum semi-axis of a joint, 
with a similar model in the form of an exponent with a linear dependence showed a better concordance of 
the proposed model with observations at the stage of the lack of joint coalescence and their extension to the 
sample boundaries at a < 0.15 m. At a > 0.15 m. The proposed model has a lower coefficient of determination 
compared to the full range including both intervals, but higher than that of the model with a linear dependence 
in the exponent argument. This indicates the universal nature of the proposed model.
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Влияние длины трещин со случайными параметрами 
на электрическую проводимость горных пород
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Аннотация
При решении практических задач горного производства возникает необходимость оценки тре-
щинной пустотности горных пород. Геофизические методы при решении данной задачи являются 
косвенными, поэтому интерпретация результатов может вызывать определенные трудности, обу-
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Introduction
The relevance of the problem of assessing rock 

joint hollowness coefficient emerges from the need 
to address problems of strength [1–4] and stability 
of rocks around mine workings [5–7], hydraulic 
fracturing of rock mass [8–10], fluid filtration 
through a rock mass [11, 12], the calculation of 
drilling and blasting parameters [13–15], as well 
as other practical problems of mining. Geological 
[16–18], surveying [19–21], video methods [22, 23] 
are used to determine rock jointing. A special place 
here is occupied by geophysical methods [24–26]. 
A significant place is given to electromagnetic [27] 
and electric [28] methods. Despite the significant 
advantages of electrical methods for studying rock 
jointing, they also have a number of disadvantages. 
The geophysical methods are indirect, so the 
interpretation of their results may cause certain 
difficulties due to the uncertainty of the physical 
relationships between the parameters of joints 
and the measurement results. In this regard, one 

of the ways of resoling this problem is to combine 
experimental research methods with analytical and 
numerical simulation. As an example, we can cite 
study [29] which shows the theoretical feasibility of 
analytical calculation of the relationship between 
rock jointing and electrical resistance. 

The problem of sample resistance with joints 
ultimately comes down to the problem of the con-
ductivity of a two-component medium consisting of 
a continuum (matrix) and a component represented 
by individual inclusions. At low concentration of the 
inclusions, such conductivity is easily calculated 
[30]. It is connected with the concentration of 
inclusions according to the linear law. In the 
case of high concentrations, the best method is 
considered to be the Effective Media Approximation 
(EMA) [31–33]. Initially designed for “volumetric” 
inclusions (spheres in three-dimensional space, 
circles, squares, etc. in two-dimensional problems), 
it was then modified for the case of “disembodied” 
inclusions, such as infinitely thin disks in the 

словленные непрозрачностью физических связей между параметрами трещин и результатами из-
мерений. В этой связи одним из путей решения данной проблемы является сочетание эксперимен-
тальных методов исследования с аналитическим и численным моделированием. Исследования были 
направлены на изучение электрической проводимости двумерной среды при наличии тонких изоли-
рующих трещин. В статье предложен аналитический метод оценки зависимости удельной проводи-
мости среды с включениями в виде эллиптических трещин от их полудлины. Показано, что данная 
зависимость имеет вид экспоненты, зависящей от квадрата длины максимальной полуоси в  каче-
стве аргумента. Метод моделирования основан на допущении эллиптической формы трещины при 
устремлении к нулю длины малой полуоси эллипсов. Анализ публикаций и результаты, изложенные 
в статье, показали, что такой метод нахождения удельной проводимости среды с тонкими трещина-
ми один из наилучших в плане соответствия экспериментальным данным. Его предсказания близки 
к предсказаниям метода эффективной среды (EMA), но он отличается простотой формул и их фи-
зической наглядностью, что существенно для использования при интерпретации данных физиче-
ского эксперимента. В двумерной постановке проведено численное моделирование в среде COMSOL 
Multiphysics удельной электрической проводимости образца среды размером 1×1 м с эллиптически-
ми трещинами меньшей, чем у матрицы, проводимости. Рассмотрен квадратный образец единичных 
размеров с единичной проводимостью, в котором помещалось 25 трещин, имевших равномерное 
распределение по длине. Было построено 40 моделей, в которых максимальная длина трещин ме-
нялась от 0,01 до 0,4 размера образца, с шагом 0,01 м. Показано удовлетворительное соответствие 
результатов численной и аналитической моделей как визуальное, так и подтвержденное с помощью 
статистических оценок. Отмечено, что при изменении размера трещин до значения максимальной 
полуоси a = 0,15 м преобладает влияние одиночных трещин, не выходящих за границы образца. Выше 
этого значения при a > 0,15 м начинает сказываться влияние слияния трещин, а также их выхода 
на границы и за пределы образца. Сравнение предложенной теоретической модели электрической 
проводимости, зависящей от квадрата длины максимальной полуоси трещины, с похожей моделью 
в виде экспоненты с линейной зависимостью показало лучшее соответствие предложенной модели 
на стадии отсутствия слияния трещин и их выхода на границы образца при a < 0,15 м. При a > 0,15 м 
предложенная модель имеет меньший коэффициент детерминации по сравнению с полным диапа-
зоном, включающим оба участка, но более высокий, чем у модели с линейной зависимостью в аргу-
менте экспоненты, что говорит об универсальном характере предложенной модели.
Ключевые слова
электрическое сопротивление, длина трещины, численный, аналитический, моделирование, COMSOL 
Multiphysics
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three-dimensional case and “scratches” in the two-
dimensional case [34]. This approach enables the 
electrical conductivity of rocks containing joints 
to be simulated. At the same time, in actual rocks, 
joints can be empty or containing low-conducting 
liquids (oil). They can also be filled with a solution of 
salts (high-conductive fluid) [35]. In the former case, 
the joints should be considered insulating, while 
in the latter one, almost perfectly conductive when 
the fluid conductivity is several orders of magnitude 
higher than the conductivity of the host rock [29].  
In this paper, a model of “dry” or fluid-filled joints 
with a conductivity of 10-4 of the conductivity of 
a rock matrix is used. It should also be noted that 
at some rather high concentration of inclusions, 
coalescence occurs when they overlap, forming 
a continuous conductive or insulating cluster 
[36–38]. However, in the first place, such high 
concentrations of joints will not be considered, 
since when approaching the coalescence threshold, 
disintegration of a sample occurs.

The purpose of this study is to develop analytical 
and numerical models of the dependencies of the 
electrical resistance of a rock sample on the size of 
joints, and compare the results of simulating by these 
methods with each other, as well as with the results of 
testing rock samples.

2. Research techniques

2.1. Analytical method
Let us consider the problem of conductivity of 

a two-dimensional medium with thin joints (in the 
limit, scratches of zero thickness). For the case of 
low concentration of scratches perpendicular to the 
gradient of the applied voltage (and the direction of 
the electric current), we get [34]

2

0 1 ,
2
l

N
  σ = σ − π     	

(1)

where σ0 is conductivity of a medium without joints; 
l / 2 is the “radius” of a joint, equal to half of its length; 
N is two-dimensional concentration of joints. In the 
case of chaotic orientation of the joints (uniform 
distribution by angle), the contribution of these joints 
to the conductivity is halved:

2

0 1 .
8
l

N
 πσ = σ − 
 

The reason is that when the conductivity is 
averaged by a statistical ensemble of joints, one of the 
two coordinate axes does not make a contribution: 
the insulating joints oriented parallel to the current 
do not significantly affect conductivity.

Note that if there is exactly a single joint in 
a square sample with a side L and a conductivity of σ0, 
perpendicular to the field, the concentration N = 1 / L2, 
and the sample conductivity is: 

2

0 21 .
4
l
L

 πσ = σ −  

Let us suppose now a square sample with a side L  
contains n joints perpendicular to the applied 
voltage and has a conductivity of σ. Let us place 
another similar joint into this sample. In this case, 
the increment of the sample conductivity 

2
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π∆σ = −σ

Thus, we obtain a differential equation (Δn = 1)
2

2 ,
4
l

n L
∆σ π= −σ
∆ 	

(2)

the solution of which is
2

24
0 ,

l
n

Le
π−

σ = σ

where the obvious initial condition is used: the 
conductivity in the absence of joints is σ0. Given the 
two-dimensional concentration of joints, this solution 
can be written in the form:

2

4
0 .

l
N

e
π−

σ = σ 	
(3)

Let the lengths of the joints now be distributed 
evenly in the range from 0 to l. In this case, the 
average value of the square of the joint length is l2 / 3. 
This value will determine the average contribution 
of an individual joint to the change in conductivity. 
Then the initial differential equation should be 
replaced with

2

2 ,
12
l

n L
∆σ π= −σ
∆

and we get for the sample conductivity
2

212
0 ,

l
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σ = σ

or taking into account the concentration of joints in 
the two-dimensional case N = n / L2

2

12
0 .

l
N

e
π−

σ = σ 	
(4)

It is often beneficial to use half the length of a joint 
a = l / 2 (similar to the radius of a circular inclusion), 
and then

2

3
0 .

a
N

e
π−

σ = σ 	
(5)

If we denote A = πN / 3, formula (3) takes on form
2

.Aae−σ = 	 (6)



33

ГОРНЫЕ НАУКИ И ТЕХНОЛОГИИ
MINING SCIENCE AND TECHNOLOGY (RUSSIA)

Sizin P. E. et al. Influence of random parameter joint length on rock electrical conductivity2023;8(1):30–38

https://mst.misis.ru/

eISSN 2500-0632

The parameter A has the physical meaning of the 
effective concentration of joints and can be found 
from a numerical simulation or a physics experiment.

It should be noted that in [36], use of the EMA 
method for conductivity of a two-dimensional 
medium with parallel insulating joints, the following 
expression was obtained:

2
22 2

0

1 1
1 .

4 4 2 4
l l

N N
  π π σ = σ + −     	

(7)

This expression at not very high concentrations 
of joints, up to 

2

1,
4
l

N
π ≈

is very close to (3), but (3) is much simpler, more 
convenient for analysis, and has a quite transparent 
physical meaning.

2.2. Numerical method
The methodology for constructing geometry and 

setting the properties and boundary conditions of 
a model when using this method is explained in [39]. 
A feature of this approach was the construction of 
geometry, properties, and boundary conditions of 
the model using program scripts. Changing the joint 
parameters in each specific model was achieved 
by changing the values of the variables used to set 
the length, position, and the angle of inclination 
of the ellipses which simulated the joints. These 
parameters were changed within the specified limits 
using a  random number generator with a uniform 
distribution.

The simulation was carried out using the 
COMSOL Multiphysics environment in conjunction 
with Matlab. The script was written and the changes 
were made in accordance with the required joint 
parameters. Figure 1 shows a drawing of one of the 
models as an example. The simulation was carried 
out in dimensionless relative units. Since the results 
for electrical conductivity and resistance are most 
conveniently represented in relative values, the 
following technique was used in the simulation. 
A rock sample was selected in the form of a square with 
a side of 1 m, with a specific conductivity of 1 Cm/m. 
A voltage of 1 V was applied to the two opposite sides. 
In the absence of joints, the current in the sample 
was 1 A. When joints were added, the current became 
less than 1 A. By virtue of Ohm's law, numerically 
coinciding with both the conductivity and the specific 
conductivity of a fractured rock.

A total of 40 models were used when changing 
the half-lengths of the joints from 0.01 to 0.4 m. One 

more model was jointless and corresponded to the 
case a / 2 = 0. The minor semi-axis of the joints was 
0.01 m, and the major semi-axis in accordance with 
the uniform distribution varied from 0.01 m to the 
value assigned in the series of experiments, ranging 
from 0.01 to 0.4 m. The joint angle varied within 
±20°. The number of joints in the sample was 25. The 
maximum displacements of the centers of the ellipses 
from the regular grid horizontally and vertically with 
their uniform distribution amounted to ±0.2DX and 
±0.5DY, respectively, where DX, DY were the average 
distances between the centers of joints along X and Y 
axes, respectively. With some combinations of joint 
sizes and displacements relative to their centers, 
they could partially or completely extend beyond 
the contour of a sample, while their total number 
was less than the specified value. In addition, the 
coalescence of joints led to a decrease in their 
equivalent number. Several interconnected joints led 
to an effect equivalent to the effect of one joint of 
greater length. The specific conductivity of the rock 
matrix was 1 cm/m, and that of the joint material, 
10–4 cm/m. The boundary conditions were as 
follows: on the upper edge, the potential V was set at 
V0 = 1 V, and on the lower edge V0 = 0 V (“earth”). On 
the side edges, zero conductivity was set σ = 0 cm/m 
(insulation). 

For finding solutions in the COMSOL Multiphysics 
system, a static problem solver was used in the 
simulation, which allowed obtaining the distribution 
of currents and voltages in steady state.
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Fig. 1. Example of a 2D model scheme  
for a numerical experiment
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4. Findings Discussion
If there are no joints in a sample, the current 

lines (Fig. 2, a) are evenly distributed over the sample 
along its horizontal axis, and the electrical potential 
demonstrates a uniform change along the vertical 
axis. In the graph in Fig. 3, this case corresponds to 
the joint half-length a / 2 = 0. The presence of joints 
of horizontal direction in Fig. 2, b increases the 
length of the current lines. This is the reason for the 
decrease in conductivity with an increase in a / 2. 
With a significant increase in the joints length up to 
the complete intersection of the sample in Fig. 2, e, 
the length of the current lines increases significantly 
with a significant change in their configuration as 
compared to the intact sample in Fig. 2, a. In this 

3. Findings
Figure 2 presents examples of the results of 

simulation of current flow through a sample without 
joints (a), with elliptical joints of half-length from 
0.01 to 0.1 m (b), from 0.01 to 0.2 m (c), from 0.01 to 
0.5 m (d). The red current lines clearly demonstrate 
the effect of joints, acting as “dams” for current.

On the graph in Fig. 3, the sample conductivity de-
pendencies obtained by finite element calculations are 
represented in the form of separate points. The formu-
la (6) was used to approximate the results obtained.

As can be seen the satisfactory mutual conver-
gence of the theoretical and experimental attracts 
them to each other. The quantitative estimates of this 
convergence are given below.

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

0.5

0.4

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

–0.4

–0.5

0.5

0.4

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

–0.4

–0.5

0.5

0.4

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

–0.4

–0.5

0.5

0.4

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

–0.4

–0.5

–0.5 –0.4 –0.3 –0.2 –0.1 0 0.1 0.2 0.3 0.4 0.5 –0.5 –0.4 –0.3 –0.2 –0.1 0 0.1 0.2 0.3 0.4 0.5

–0.5 –0.4 –0.3 –0.2 –0.1 0 0.1 0.2 0.3 0.4 0.5 –0.5 –0.4 –0.3 –0.2 –0.1 0 0.1 0.2 0.3 0.4 0.5

a b

c d
Fig. 2. Current lines (red lines) and the distribution of electrical potential relative to the lower boundary according 
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case, the electric potential demonstrates a jump-like 
change in the places of joints. Since the numerical 
model includes a probabilistic distribution of joint 
parameters, the experimental points in Fig. 3 have 
random deviations from the analytical curve. At 
the same time, up to the value of a / 2 = 0.15 (m), 
the points are located closer to the analytical curve 
than with larger values of a / 2. This is due to the fact 
that the extent of high-impedance joints beyond the 
boundaries of the sample begins to take affect also 
owing to their coalescence leading to significant 
curvatures of the current lines. 

The experimental points are well described by 
dependency (6), in which the parameter A is selected 
using the Statistica package according to the least-
squares criterion

2exp 21.23( ),y x= −
where x = a / 2 is the maximum value of the major 
semi-axis of an elliptical joint. The value varied from 
0.01 to 0.4; y = σ / σ0 is the relative conductivity of the 
sample; σ0 is the conductivity of the sample without 
joints. In this case, the parameter is A = 21.33, which 
corresponds to the equivalent number of joints 
Neq = 3A / π = 20.4. This number is noticeably less than 
25, the true number of joints in the sample. This is 
explained by the fact that with considerable sizes of 
joints, some of them merge with each other or occur 
on the boundaries of the sample. The determination 
coefficient of the numerical simulation results at 
approximation R2  =  0.977, the root-mean-square 
deviation (RMSD) = 0.0494 cm/m, reflecting the ran-
dom nature of the joint parameters and less than 10 % 
of the average conductivity value of 0.5 cm/m in the 
experiment. For the initial section of the curve, where 
the influence of edge effects and coalescence of joints 
does not affect, this value is much lower.

Accordingly, for a more detailed analysis, the 
whole range of joint half-length values a was divided 
into two sections: 0 ≤ a < 0.15 m (section 1) and 
0.15  ≤  a ≤ 0.40 m (section 2), for which statistical 
estimates were carried out separately.

It is interesting to compare the results obtained 
with the experimental results. In [40], the findings 
of the conductivity study for the Chayandinsky 
deposit reservoir rock samples are considered. The 
dependence of the change in specific electrical 
conductivity on the proportion of fracture porosity 
was approximated by an exponent

0 1exp( ),= −y a a x 	 (8)

where a0, a1 are the exponential dependency parameters. 
The graph of the dependence according to formula (8) 
in comparison with the numerical simulation results is 
shown in Fig. 4. In this case, a0 = 1.179; a2 = 5.251.

As follows from the comparison of Fig. 4 with 
Fig.  3, visually, the approximation by depen-
dence  (8) is worse than that by dependence (6).  
If the experimental data curve in the first section is 
curved upwards, then the dependence (8) is curved 
downwards. In the second section, the curve (8) 
passes above the experimental points, although 
in this section the curvature of the course of both 
curves coincides.

Table 1 shows the results of approximation of 
the  data obtained according to formulas (6) and 
(8). For formula (6), the values of parameter A and 
the calculated values of the equivalent number of 
joints Neq are also given. It should be noted that the 
calculations according to formula (7) gave results 
close to the results of formula (6), so they are not given 
separately in Table 1. For formula (8), the values of 
parameter A were not calculated, because this model 
differed from model (6) in essence.
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As follows from Table 1, formula (8) gives worse 
results compared to formula (6). Thus, for the com-
plete curve (8) and for its first section, the determi-
nation coefficient R2 is lower, and the RMSD is higher  
than for curve (6). For the second section, where joints 
overlap and their extension beyond the sample lim-
its begin to affect, this difference is lower, but still  
significant.

In paper [40], the author explains that the de-
pendence of type (8) is used to approximate joints 
in actual samples. Such samples have a rather de-
veloped system of joints, which in large part overlap 
with each other, and also demonstrate an extent be-
yond the sample. This factor is predominant in the 
description of the dependencies in question, and de-
pendence (8) is acceptable for this case.

Thus, it can be concluded that formula (6) is 
acceptable for describing the relationship between 
the size of joints and the conductivity of a rock 
sample in the case of "dry" or low-conductive fluid-
filled joints at their low concentration before the 
manifestation of joint coalescence phenomena.

Conclusion
1. An analytical method for assessing the de-

pendence of the specific electrical conductivity of 
a medium with inclusions in the form of thin elliptical 
joints on their half-length is proposed. It was shown 
that this dependence has the form of an exponent 
depending on the square of the length of the maximum 

semi-axis as an argument. The simulation method is 
based on the assumption of the elliptical shape of 
a  joint when the length of the minor semi-axis of 
the ellipses tends to zero. The review of publications 
and the results presented in this paper showed that 
this method for determining the specific conductivity 
of the medium with thin joints is one of the best in 
terms of the compliance with experimental data. Its 
predictions are close to those of the Effective Media 
Approximation (EMA), while the proposed method is 
distinguished by the simplicity of the formulas and 
their physical visibility essential for use in interpreting 
the data of a physical experiment.

2. In a two-dimensional formulation, a numerical 
simulation of the specific electrical conductivity of 
a sample of a medium measuring 1×1 m with elliptical 
joints of conductivity less than that of the matrix 
was carried out using the COMSOL Multiphysics 
environment. Satisfactory concordance of the results 
of numerical and analytical models, both visual and 
confirmed by statistical estimates, was shown. It 
was noted that when the size of the joints changes 
to the value of the maximum semi-axis a = 0.15 m, 
the influence of single joints which do not extend 
beyond the boundaries of the sample prevails. Above 
this value, the influence of joint coalescence as well as 
their extension to and beyond the sample boundaries 
begins to affect.

3. Comparison of the proposed theoretical 
model of electrical conductivity, depending on the 
square of the length of the maximum semi-axis of 
an elliptical joint, with a similar model in the form 
of an exponent with a linear dependence on the half-
length of a joint showed a better concordance of the 
proposed model with the observations at the stage 
of the lack of joint coalescence and their extension 
to the sample boundaries at a < 0.15 m.  At a > 0.15 
m, the proposed model has a lower coefficient of 
determination compared to the full range including 
both intervals, but higher than that of the model with 
a linear dependence in the exponent argument. This 
indicates the universal nature of the proposed model.
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