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Abstract
In GPR (georadar) studies, one of the most popular procedures for determining electromagnetic waves prop-
agation velocity in a rock mass is the selection of theoretical hyperbolic time-distance curves and subsequent 
comparison with the time-distance curve obtained from a GPR measurement. This procedure is based on the 
model of homogeneous medium, but nowadays the subject of GPR study is often inhomogeneous media, such as 
horizontally layered media characteristic of loose permafrost zone sediments. The paper presents the findings 
of studying the formation of hyperbolic time-distance curves of georadar impulses in a horizontally layered 
medium without taking into account the dispersion and absorption of electromagnetic waves. On the basis of 
geometrical optics laws, formulas were derived to calculate the shape of the hyperbolic lineup of georadar im-
pulses reflected from a local feature in a multilayer frozen rock mass. On the example of a permafrost zone rock 
mass containing a layer of unfrozen rocks, the effect of the thicknesses of rock layers and their relative dielectric 
permittivity on the apparent dielectric permittivity resulting from the calculation of the theoretical hyperbolic 
time-distance curve was shown. The conditions under which it is impossible to determine the presence of a layer 
of unfrozen rocks from a hyperbolic time-distance curve are also presented. The established regularities were 
tested on synthetic georadar radargrams calculated in the gprMax software program. The findings of the theo-
retical studies were confirmed by the comparison with the results of the analysis of the georadar measurements 
computer simulation data in the gprMax system (the relative error was less than 0.5%).
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Аннотация
В георадиолокации одной из наиболее популярных процедур определения скорости распространения 
электромагнитных волн в массиве горных пород является подбор теоретических гиперболических го-
дографов с последующим сравнением с годографом, полученным при георадиолокационном измере-
нии. Эта процедура основана на модели однородной среды, но в настоящее время объектом изучения 
георадиолокации часто становятся неоднородные среды, такие как горизонтально-слоистые среды, 
характерные для рыхлых отложений криолитозоны. В статье представлены результаты исследования 
формирования гиперболических годографов георадиолокационных сигналов в горизонтально-сло-
истой среде без учета дисперсии и поглощения электромагнитных волн. На основе законов геометри-
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ческой оптики выведены формулы, позволяющие рассчитать форму гиперболической оси синфазности 
георадиолокационных сигналов, отраженных от локального объекта в многослойном массиве мерзлых 
горных пород. На примере массива горных пород криолитозоны, содержащего слой незамерзших гор-
ных пород, показано влияние мощностей слоев горных пород и их относительной диэлектрической 
проницаемости на кажущуюся диэлектрическую проницаемость, получаемую в результате расчета 
теоретического гиперболического годографа. Также представлены условия, при которых невозможно 
определить наличие слоя незамерзших горных пород по гиперболическому годографу. Установленные 
закономерности апробированы на синтетических георадиолокационных радарограммах, рассчитан-
ных в программе gprMax. Результаты теоретических исследований подтверждены сравнением с ре-
зультатами анализа данных компьютерного моделирования георадиолокационных измерений в си-
стеме gprMax (относительная погрешность составила менее 0,5 %).
Ключевые слова
модель, массив, горные породы, диэлектрическая проницаемость, скорость, гипербола, слой, георадио- 
локация, криолитозона, gprMax
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Introduction
One of the geophysical problems to be solved by 

using GPR (georadar) method is the study of physi-
cal and mechanical properties of rocks. However, ac-
cumulation of experimental data and development of 
methodological support for GPR in this area is much 
slower [1, 2] than in other areas [3] that leads to unde- 
restimation of the capabilities of the georadar method. 
The reasons that led to this state of affairs in georadar 
application can be different. One of them is the incor-
rect use of the procedure for determining the velocity 
v of electromagnetic wave (EMW) propagation using 
hyperbolic time-distance curves (lineups of georadar 
impulses). This procedure is the most common way to 
estimate EMW velocity [1], based on which the ma-
terial part of the relative complex dielectric permitti- 
vity ε′, depending on moisture, density, and cryogenic 
state of rocks, is calculated [4]. In training manuals 
(both domestic [1, 2] and foreign [5, 6]), as well as in 
data processing manuals of georadar manufacturers 
(GSSI, GEOTECH) and American Society for Testing 
and Materials (ASTM) standard1, justification of ap-
plication of EMW propagation velocity determination 
by hyperbolic time-distance curves is given for the 
case when the host medium is homogeneous.

Currently, in the practice of georadar measure-
ments [3,  7,  8], as well as in scientific works devo- 
ted to the automation of the search for hyperbolic 
time-distance curves in GPR data [9–11], including on 
a real-time basis [12], the study subject is, as a rule, 

1 ASTM D6432-11, Standard guide for using the surface 
ground penetrating radar method for subsurface investigation, 
ASTM International, West Conshohocken, PA; 2011. https://doi.
org/10.1520/D6432-11

an inhomogeneous medium. As a consequence, the 
EMW propagation velocity determined by a hyperbola 
located in some layer is an averaged (integral) charac- 
teristic of all overlying layers, as mentioned in the 
work of one of the GPR classics [13]. When conducting 
georadar studies in a permafrost zone, it is possible 
to incorrectly assess the cryogenic state of rocks and, 
correspondingly, their physical and mechanical pro- 
perties in the presence of a layer of thawed rocks, 
whose effect on the shape of the hyperbolic time-dis-
tance curve may be significant but insufficient for the 
result of  v determination by the method of approxi-
mation of the time-distance curve by a hyperbola [2] 
proved to be within the range of values characteristic 
of thawed rocks. Thus, in a layered medium it is possi-
ble to determine the true velocity v of EMW propaga-
tion directly from the hyperbolic time-distance curve 
only in the first layer of rocks, and for the correct use 
of v values in the practice of georadar works it is nec-
essary to establish the regularities of formation of 
EMW time-distance curves diffracted at a local feature 
in a layered rock mass. In order to achieve the above 
goal, the following tasks need to be accomplished:

– develop a model of a hyperbolic time-distance 
curve of impulses obtained in the study of a layered 
rock mass;

–  establish the dependence of v and ε′ deter-
mined from the hyperbolic time-distance curve on the 
values of v and ε′ of the overlying layers;

– determine the influence of a thawed layer in 
a frozen rock mass on the v value calculated from the 
hyperbolic time-distance curve;

– verify the validity of the obtained theoretical 
results using the data of computer simulation.
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Model of a hyperbolic time-distance curve 
of georadar impulses obtained from probing 

of a layered rock mass
EMW emitted by a georadar located at point x 

propagates in a layered rock rock mass according to 
Fermat’s principle (gray solid line in Fig. 1), but in this 
paper we consider a model of EMW propagation along 
a raypath (black dashed line in Fig. 1) in a rock mass 
consisting of n layers of hi thickness with given values 
of ε′i and vi with i ranging 1 to n. A local feature, indi-
cated by the black circle in Fig. 1, is located in the last 
layer at depth h0. The distance hr, traveled by the ray 
from georadar to the local feature, will be equal to:

2 2
0 0( ) .rh x x h= − +

When moving the georadar along the profile, the 
x coordinate will increase, while hr will correspon- 
dingly decrease, forming the left branch of the hy-
perbola and reaching a minimum at the point х = х0, 
where the vertex of the hyperbola will be located. At 
х > х0, the values of hr will increase and correspond 
to the right branch of the hyperbola. In the interme-
diate layer numbered i, the ray travels a distance hri, 
which is greater than the thickness of the layer hi at 
all points except х0: 
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Equation of a hyperbolic time-distance curve in 
a homogeneous medium [2]:
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For a horizontally layered medium, equation (1) 
will take the following form:
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Based on the basic trigonometrical identity and 
the positivity of the cosine function in the area of 
arcsine values, we transform the denominator of the 
fraction:
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Then the equation of the hyperbolic time-dis-
tance curve of GPR impulses reflected from a local 
feature located in a layered rock mass can be repre-
sented as (2). When substituting parameters for a sin-
gle-layer medium into equation (2), it coincides with 
expression (1):
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h h
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(2)

When processing georadar data, the hyperbolic 
time-distance curve having the form corresponding 
to expression (2) is approximated by a hyperbola ha- 
ving the form according to equation (1). The values 
of EMW propagation velocity calculated as a result of 
such approximation are not true, but apparent (vapp), 
and represent some integral value of EMW velocities 
in all overlying layers. To determine the dependence 
of vapp on the values of v in the layers overlying the 
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α

Fig. 1. Schematic diagram of the model of electromagnetic 
wave propagation in a layered rock mass
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local feature, we equate equations (1) and (2) to each 
other: 

10

2 2
.

n
r r i

iapp i

h h h
v h v=

= ∑

And let’s express vapp:

0

1

.app n
i

i i

h
v

h
v=

=

∑
 

(3)

According to the known dependence v c ′= ε  
(с = 300 000 km/s = 0.3 m/ns) [2], the apparent dielec-
tric permittivity will be equal to:
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It is impossible to estimate the EMW propaga-
tion velocity in the rocks of a particular layer from the  
value of vapp, and it can be assumed that v of each  
layer is in the range of vapp ± Δv. For example, if in 
GPR measurements of a permafrost rock mass with v 
in the narrow range of 100–150 m/μsec (the average 
value vavr ≈  125 m/μsec) [14] vapp will be higher than  
100 m/μsec, then the rock mass as a whole can be 
characterized as frozen. However, in such rock masses 
there may be a layer of rocks in thawed state, which 
can be detected by georadar data, but there is a prob-
lem with its identification [15]. In this connection 
there is a problem of determining the influence of 
a layer of rocks with a low value of vavr on vapp. 

To solve this problem, we used formula (3) and 
the fact that v of frozen rocks varies within narrow 
limits, and the velocity of EMW propagation in unfro-
zen (thawed) rocks vth is much lower [2]. Let’s repre-
sent a part of a frozen rock mass as layers of the same 
thickness havr, in each of which the EMW propagation 
velocity will be equal to the average value vavr. The fro-
zen part of the rock mass can be divided into layers ar-
bitrarily, since at the same v their number and thick-
ness do not affect the traveltime of GPR impulses that 
make up the hyperbolic lineup. The thickness hth and 
velocity vth in and thawed rock layer are represented 
as proportional to havr and vavr: 

, .th h avr th v avrh k h v k v= =

After substitution into (3), we obtain an expres-
sion for the apparent velocity vapp.th of EMW pro- 

pagation in a frozen rock mass containing a layer of 
thawed rocks:
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(5)

At kh = 0, according to formula (5), vapp.th = vavr, i.e. 
it will correspond to frozen rock mass. In order to de-
termine how vapp will change compared to vavr in the 
presence of a low-velocity layer of thawed rocks, let us 
divide formula (3) with the frozen rock parameters havr 
and vavr for all layers, denoted by vapp.fr, by expression (5): 

0

1 1
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( 1 ) 1

h h
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avrapp.th avr h h

avr

k kn n
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hv v n k n kn
v

 
− + − + 

 = =
− + − +

 

(6)

Verification of the obtained theoretical expressions 
using computer simulation data

A simulation of GPR data was performed in the 
gprMax system [16], which has positively proved itself 
in studies devoted to the determination and analysis 
of hyperbolic lineups of GPR impulses [17–19]. The 
following parameters were used in the simulation: 
probing impulse – Ricker pulse with Fourier spectrum 
center frequency of 400 MHz, time-base sweep of 150, 
baseline of 0 mm. The data for the simulation are pre-
sented in the table below.

Input file text for gprMax for model #1:
#domain: 4 9.1 0.002
#dx_dy_dz: 0.002 0.002 0.002
#time_window: 150e-9
#material: 6 0 1 0 sloi1
#material: 4 0 1 0 sloi2
#waveform: ricker 10 0.4e9 my_ricker
#hertzian_dipole: z 0.1 9 0 my_ricker
#rx: 0.1 9 0
#src_steps: 0.01 0 0
#rx_steps: 0.01 0 0
#box: 0 0 0 4 9 0.002 sloi1
#box: 0 0 0 4 7 0.002 sloi2
#cylinder: 2 5 0 2 5 0.002 0.01 pec

Table
Parameters of rock mass models

Model No. Quantity of layers Layer thickness, m ε′ v, m/µs h0, m

1 2 2; 7 6; 4 122.5; 150 4

2 3 2; 2; 4 8; 6; 4 100; 122.5; 150 6

3 5 1; 1; 1; 0.5; 2 6; 4; 6; 20; 4 122.5; 150; 122.5; 67; 150 4.5
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The simulation result (out-file) was exported to 
the format of the GeoScan32 software program (of 
SPC GEOTECH manufacturer), in which the depth 
scale origin and the Baseline parameter equal to 
1 were set. Fig. 2, a shows the results of the simulation 
(Model #1), the values of ε′app, calculated using the 
“Hyperbola” procedure, and vapp. The traveltimes of 
impulses reflected from the lower boundary of layer 1 
t1 and from the local feature, the top of the hyperbola, 
th, according to formula (1) are equal to: 

t1 = 32.7 ns;   th = t1 + 26.7 = 59.4 ns.

According to formulas (3) and (4), vapp and ε′app are 
equal to:

vapp = 0.1349 m/ns = 134.9 m/μs;
ε′app = 4.9484.

Verification of the values obtained:

.0.1 m/n9 s34cv = =
′ε

Thus, the relative error of the values of vapp and 
ε′app calculated in the GeoScan32 program was 0.07 
and 0.37%, respectively. For model No. 2, from the 
calculations by formulas (3) and (4), the values of vapp 
= 123.7 m/μsec, ε′app = 5.8853 were obtained. 

To verify formula (6), we first calculate vapp.fr for 
the model of frozen rock mass with thickness h0 = 5 m, 
consisting of n = 5 layers with h = 1 m, v = 122.5, 150, 
122.5, 134.2, 150 m/μs and ε′ = 6; 4; 6; 5; 4. According 
to expression (3), vapp.fr = 134.7 m/μs.

Further, instead of the fourth layer, we introduce 
a low-velocity layer (model No. 3 in the Table) with 
such parameters hth, vth so that the value of vapp.th is in 
the range characteristic of thawed rocks. Let us set 

the thickness of the thawed layer hth = 0.5 m (thus h0 
decreases to 4.5 m) as half (kh = 0.5) of the thickness 
of the averaged layer havr = 1 m, and the EMW pro- 
pagation velocity in it is two times less (kv = 0.5) than 
the average value (at ε′avr = 5) of vavr = 134.2 m/μs, i.e. 
vth = 67.1 m/μs, ε′th = (avr / vth)2 = 20. Other parameters 
of the simulated rock mass are presented in the Table. 
According to formula (3), vapp.th = 121.2 m/μsec, which 
is confirmed by the result of the calculation of vapp 
based on the computer simulation data (Fig. 2, c), the 
relative error of which, compared to the exact value, 
was less than 0.5%.

Now we can calculate how the apparent EMW 
propagation velocity in the rock mass model has 
changed with the introduction of a low-velocity layer 
(into the model):

.

.

  1  .1114.app fr

app th

v
v

=

That is, in the presence of a low-velocity layer with 
the above parameters, vapp decreases by ≈10%. In order 
to obtain this result, we had to carry out the whole set 
of calculations to calculate vapp both for a fully frozen 
rock mass and for the case with a layer of unfrozen 
(thawed) rocks. Such calculations can be substantially 
simplified if we use formula (6), which allows to ob-
tain the same result with accuracy to thousandths: 

1
1.1111.

1

h

app.fr v

app.th h

k
n

v k
v n k

− +
= =

− +

To confirm that formula (6) is correct when the 
frozen part of a rock mass is subdivided into an arbi-
trary number of layers, calculations were performed 
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Fig. 2. Synthetic radargrams of models Nos. 1(a), 2(b) and 3(c)
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for the model with 3 and 9 layers. Only one parame-
ter, kh, changes, for instance, at n = 3 (h = 2, 0.5, 2 m), 
kh = 0.25, at n = 9 (thickness of each layer is 0.5 m), 
kh = 1:
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In general, to determine whether vapp.th will be 
within the range of the values characteristic of fro-
zen rocks, for example, in Central Yakutia, at arbitrary 
kh, kv, we substitute into formula (5) the averaged va- 
lues characteristic of this region, vavr = 125 m/μs and  
vapp.th = 100 m/μs [14], then with a very significant dif-
ference between vapp.fr and vapp.th:
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(7)

When vapp.th increases or vapp.fr decreases, ex-
pression (7) will be greater than 0.8, and the ratio 
vapp.fr / vapp.th will decrease, which will lead to difficul-
ties in interpreting GPR data to identify the presence 
of a layer of thawed rocks on the basis of analyzing 
the hyperbolic time-distance curve of GPR impul- 
ses.  The estimation of the feasibility of detecting the 

layer of thawed rocks based on the values of para- 
meters kh, kv according to formula (7) was performed 
for the region of Central Yakutia. For other regions 
the calculation should be accomplished with the cor-
responding values of EMW propagation velocities in 
frozen and thawed rocks. 

Conclusions
The performed study allowed to develop a model 

of hyperbolic time-distance curve of GPR impulses 
reflected from a local feature located in a rock mass 
with an arbitrary number of layers.  On the basis of 
the developed model, the expressions for the ap-
parent values of electromagnetic wave propagation 
velocity and the material part of the relative com-
plex dielectric permittivity calculated from the hy-
perbolic time-distance curve of georadar impulses 
were obtained. The obtained expressions allowed us 
to determine how the velocity of electromagnetic 
wave propagation in a rock mass containing a layer 
of unfrozen (thawed) rocks decreases compared to 
a  fully frozen rock mass. The findings of the theo-
retical studies were confirmed by comparison with 
the results of the analysis of the data of the georadar 
measurements computer simulation in the gprMax 
system (the relative error was less than 0.5%).

The results obtained in the course of the study 
are of great importance for the development of me- 
thodological support of GPR for determining elec-
trophysical properties of rocks, which will increase 
the reliability of the assessment of their physical and 
mechanical properties, especially in the area of per-
mafrost occurrence. Practical application of the ob-
tained results in studies aimed at automated deter-
mination of electrophysical properties of rocks and 
soils by hyperbolic time-distance curves will allow 
to create a database with up-to-date information on 
dielectric permittivity of rocks.
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